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Emerging critical behavior at a first-order phase
transition rounded by disorder
Ahmed K. Ibrahim1 and Thomas Vojta1∗
We investigate the two-dimensional four-color Ashkin-
Teller model by means of large-scale Monte-Carlo simu-
lations. We demonstrate that the first-order phase tran-
sition of the clean system is destroyed by random disor-
der introduced via site dilution. The critical behavior of
the emerging continuous transition belongs to the clean
two-dimensional Ising universality class, apart from log-
arithmic corrections. These results confirm perturbative
renormalization-group predictions; they also agree with
recent findings for the three-color case, indicating that
the critical behavior is universal.
1 Introduction
At a first-order phase transition, two distinct thermody-
namic phases have the same free energy density and thus
coexist macroscopically. Is such phase coexistence still
possible if the system contains random disorder that lo-
cally favors one phase over the other (so-called random-
Tc or random-mass disorder)? Building on earlier work
for random fields [1], Imry and Wortis [2] compared the
possible free-energy gain from forming a domain that
takes advantage of the disorder with the free-energy cost
of its domain wall. They found that the formation of
finite-size domains is favored in dimensions d ≤ 2, even
for arbitrarily weak disorder. (If the randomness breaks
a continuous symmetry, the marginal dimension is d =
4.) This destroys the macroscopic phase coexistence and
with it the first-order phase transition. After further work
[3], this result was rigorously proven by Aizenman and
Wehr [4].
What happens to a system whose first-order phase
transition is unstable against disorder? Is there an inter-
mediate phase? Is the transition completely destroyed by
smearing; or does it become continuous? If the latter, in
what universality class is the emerging critical point?
The effects of disorder on first-order phase transitions
have received less attention than the corresponding ef-
fects on continuous transitions (see, e.g., Refs. [5, 6] for
reviews). As a result, the above questions are still being
debated even for simple model systems such as the two-
dimensional Ashkin-Teller model. The classical N-color
Ashkin-Teller model [7–10] is made up of N Ising mod-
els that are coupled via four-spin interactions. For more
than two colors (N > 2), the clean Ashkin-Teller model
undergoes a first-order phase transition from a magnet-
ically ordered phase at low temperatures to a paramag-
netic phase at high temperatures.
In two dimensions, the first-order transition cannot
survive in the presence of disorder; the two-dimensional
N-color Ashkin-Teller model is thus a prototypical sys-
tem for studying the questions posed above. Perturbative
renormalization group calculations [11–13] predict that
disorder rounds the first-order transition of the clean-
Ashkin-Teller model to a continuous one which, some-
what surprisingly, is in the clean Ising universality class
with additional logarithmic corrections to scaling. Early
numerical simulations [14,15] of small systems reported
nonuniversal critical behavior. However, a recent high-
accuracy study [16] of the disordered three-color Ashkin-
Teller model provided strong evidence in favor of the
scenario predicted by the perturbative renormalization
group [11–13].
In the present paper, we test the universality of the
emerging critical behavior in the disorderedAshkin-Teller
model by studying the four-color case and comparing it
to the existing simulations for three colors as well as the
renormalization group findings. Specifically, we report
results of large-scale Monte Carlo simulations of the site-
diluted two-dimensional four-color Ashkin-Teller model
with up to 22402 sites. The paper is organized as follows.
In Sec. 2, we introduce themodel and summarize the pre-
dictions of the perturbative renormalization group. Sec-
tion 3 is devoted to the Monte-Carlo simulation results.
We summarize and conclude in Sec. 4.
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2 Diluted Ashkin-Teller model
The two-dimensional N-color Ashkin-Teller model [8–
10] is defined on a square lattice of L2 sites. Each lattice
site i contains N Ising spins Sα
i
= ±1, distinguished by
the “color”-index α = 1. . .N . In the absence of disorder,
the Hamiltonian reads
H =−J
N∑
α=1
∑
〈i j 〉
Sαi S
α
j −ǫJ
∑
α<β
∑
〈i j 〉
Sαi S
α
j S
β
i
S
β
j
. (1)
It can be understood as N identical Ising models that are
coupled via their energy densities. 〈i j 〉 denotes the sum
over pairs of nearest neighbor sites on the lattice; J > 0 is
a ferromagnetic interaction; and ǫ≥ 0 parameterizes the
strength of the inter-color coupling. The clean two-color
model (the originalmodel proposed by Ashkin and Teller
[7]) undergoes a continuous phase transition fromamag-
netically ordered (Baxter) phase at low temperatures to
a paramagnetic phase at high temperatures. In the Bax-
ter phase, the spins of each color order ferromagnetically
w.r.t. each other but the relative orientation of the colors
is arbitrary (see, e.g., Ref. [17]). The critical behavior of
the two-color model is nonuniversal, i.e., the critical ex-
ponents change continuously with ǫ. We are interested
in the case of three or more colors for which the phase
transition between the paramagnetic and Baxter phases
is of first order [8–10].
We introduce quenched disorder into the Hamilto-
nian (1) by means of site dilution. This means, a fraction
p of the lattice sites are randomly replaced by vacancies
on which the spins Sα
i
for all colors are removed. Site di-
lution is a microscopic realization of random-Tc or ran-
dom mass disorder, i.e., disorder that locally favors one
phase over the other but does not break any of the spin
symmetries.
Murthy [11] and Cardy [12,13] studied the phase tran-
sition of the N-color Ashkin-Teller model with random-
Tc disorder by means of a perturbative renormalization
group. They found that the renormalization group flow
on the critical (ǫ,∆)-surface asymptotically approaches
the clean Ising fixed point ǫ = 0,∆ = 0. (Here, ∆ is a mea-
sure of the disorder strength.) This implies a continuous
transition that is, surprisingly, in the clean 2D Ising uni-
versality class, apart from logarithmic corrections anal-
ogous to those occurring in the disordered Ising model
[18–21]. The following finite-size scaling behavior has
been derived [22–24]. At criticality (T = Tc ), the specific
heat shows a characteristic double-logarithmic depen-
dence on the system size,
C ∼ lnlnL . (2)
Magnetization and susceptibility at Tc (averaged over all
N colors) behave as
M ∼ L−β/ν (1+bM/lnL) , (3)
χ ∼ Lγ/ν (1+bχ/lnL) , (4)
where γ/ν = 7/4 and β/ν = 1/8 as in the clean Ising
model, and bM and bχ are constant. Any quantity R of
scale dimension zero behaves as
R = R∗ (1+bR/lnL) , (5)
dR/dT ∼ L1/ν(lnL)−1/2 [1+O(1/(lnL))] (6)
with the clean Ising exponent ν = 1. The finite-size scal-
ing forms (5) and (6) hold for the Binder cumulants
gav =
[
1−
〈m4〉
3〈m2〉2
]
dis
, ggl = 1−
[〈m4〉]dis
3[〈m2〉]2
dis
. (7)
Here, 〈. . .〉 denotes the thermodynamic (Monte-Carlo) av-
erage while [. . .]dis stands for the disorder average. We
need to distinguish average and “global” versions of this
quantity, depending on when the disorder average is per-
formed. The scaling forms (5) and (6) also hold for the
correlation length ratios ξav/L and ξgl/L. In our simu-
lations, the correlation lengths are computed from the
second moment of the spin correlation function G(r) =
(1/L2)
∑
i , j ,α〈S
α
i
Sα
j
〉δ(r − ri j ) [25–27]. They can be ob-
tained efficiently from the Fourier transform G˜(q) of the
correlation function:
ξav =
[(
G˜(0)−G˜(qmin)
q2
min
G˜(qmin)
)1/2]
dis
, (8)
ξgl =
(
[G˜(0)−G˜(qmin)]dis
q2
min
[G˜(qmin)]dis
)1/2
. (9)
Here, qmin = 2π/L is the minimumwave number that fits
into a system of linear size L.
3 Monte Carlo simulations
3.1 Method and overview
To simulate the thermodynamics of the four-color Ashkin-
Teller model (1), we employ an embedding algorithm
analogous to that used in Refs. [16, 28]. It is based on a
simple observation. If the spins of colors α = 2,3 and 4
are fixed, the Hamiltonian (1) is equivalent to an Ising
model for the spins S(1)
i
with effective interactions Jeff
i j
=
J + ǫJ(S(2)
i
S(2)
j
+S(3)
i
S(3)
j
+S(4)
i
S(4)
j
). This (embedded) Ising
model can be simulated using any valid Monte-Carlo
2 Copyright line will be provided by the publisher
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method. Analogous embedded Ising models can be con-
structed for the spins S(2)
i
, S(3)
i
, and S(4)
i
. By combining
Monte-Carlo updates for all four embedded Ising mod-
els we obtain a valid Monte-Carlo method for the entire
Ashkin-Teller Hamiltonian.
Using this algorithm, we simulate systems with sizes
from 352 to 22402 sites with periodic boundary condi-
tions and dilution p = 0.3. All results are averaged over
a large number of disorder configurations (10,000 to
500,000), details will be given below. We combine Wolff
single-cluster updates [29] with Swendsen-Wang multi-
cluster updates [30]. The latter help equilibrating small
isolated clusters of sites that occur for larger dilutions.
Specifically, each full Monte Carlo sweep consists of a
Swendsen-Wang sweep for each color and a Wolff sweep
(a number of single-cluster flips such that the total num-
ber of flipped spins for each color equals the number of
lattice sites).We use 100 fullMonteCarlo sweeps for equi-
librating each sample (disorder configuration) and 200
sweeps for measuring observables (one measurement
per sweep). The actual equilibration times are much
shorter [16]. Biases in the observables due to the short
measurement periods are overcome by using improved
estimators [16].
The Wolff and Swendsen-Wang algorithms are only
valid as long as all effective interactions of the embed-
ded Ising models, Jeff
i j
= J +ǫJ(S(2)
i
S(2)
j
+S(3)
i
S(3)
j
+S(4)
i
S(4)
j
),
are not negative. In the worst case, the term in parenthe-
sis can take the value −3. The coupling constant ǫ there-
fore must not exceed 1/3. In the production runs, we use
the largest possible value, ǫ= 1/3, because this leads to a
strong first-order transition in the clean case.
3.2 Results
To find the phase transition of the four-color Ashkin-
Teller model with coupling ǫ = 1/3 and dilution p = 0.3
we perform a series of simulation runs using linear sys-
tem sizes L = 35 to 2240. The number of disorder real-
izations ranges from 500,000 for the smallest systems to
10,000 for the largest ones. As usual, the critical temper-
ature Tc can be determined from the crossings of the
Binder cumulant vs. temperature curves for different sys-
tem sizes (and analogously from the crossings of the re-
duced correlation length curves ξ/L vs. T ).
The Binder cumulant ggl as a function of temperature
T is shown in Fig. 1, and Fig. 2 presents the reduced corre-
lation length ξgl/L as a function of temperature T . Similar
graphs can be created for the quantities gav and ξav/L. In
all cases, the crossing points of their curves for different
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Figure 1 Binder cumulant ggl vs. temperature T of the site-
diluted two-dimensional four-color Ashkin-Teller model with
p = 0.3 and ǫ = 1/3 for different linear system sizes L. The
shift towards higher temperatures of the crossing point with
increasing L is caused by corrections to scaling.
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Figure 2 Reduced correlation length ξgl/L vs. temperature T
for different linear system sizes L. With increasing L, the cross-
ings move to lower T , again indicating corrections to scaling.
L movewith increasing L. This indicates that corrections
to the leading scaling behavior are important for the stud-
ied system sizes. To find the true, asymptotic value of the
critical temperature, we therefore need to extrapolate the
crossing points to infinite system size. To do so, we find
Copyright line will be provided by the publisher 3
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Figure 3 Crossing temperatures Tx(L/2,L) vs. inverse sys-
tem size 1/L. The solid lines are fits to Tx(L/2,L)= Tc+aL
−b
yielding Tc = 1.9639(3). The error bars of Tx are about a sym-
bol size for the smallest L, they become much smaller with
increasing L.
the crossing temperature Tx(L/2,L) of the ggl vs.T curves
for system sizes L/2 and L as well as the analogous cross-
ing temperatures for gav, ξgl/L, and ξav/L. The resulting
dependence of the crossing temperatures on the system
size is presented in Fig. 3. The figure shows that all cross-
ings approach the same temperature as L increases. Fits
to the heuristic relation Tx(L/2,L)= Tc+aL
−b yield a crit-
ical temperature of Tc = 1.9639(3) (the number in paren-
theses is an estimate of the error of the last digits).
To determine the critical behavior, we now analyze
the finite-size scaling properties of various observables
right at Tc . The data analysis follows Ref. [16] and is
based on the finite-size scaling forms (2) to (6). Figure
4 presents a double-logarithmic plot of specific heat C
vs. system size L. The specific heat increases more slowly
than a power law with L, as indicated by the downward
curvature of the graph. In agreement with the prediction
(2), the data can be fitted well to the form a ln[b ln(cL)]
over the entire size range. The fit is of high quality, giving
a reduced error sum χ¯2 ≈ 0.8. (The reduced error sum of
a fit of n data points (xi , yi ) to a function f (x) having q fit
parameters is defined as χ¯2 = 1/(n−q)
∑
i [yi − f (xi )]
2/σ2
i
whereσi is the standard deviation of yi .) For comparison,
we have also attempted to fit the specific heat to the sim-
ple logarithmic form a ln(bL) and to C∞− aL
−b . The lat-
ter function corresponds to power-law scalingwith a neg-
ative finite-size scaling exponent α/ν = −b. The power-
lawfit is of poor qualitywith a reduced error sum χ¯2≈ 4.3,
100 100030 50 200 500 2000
0.55
0.6
0.65
0.7
0.75  specific heat C
 slope of  gl/L 
 slope of  av/L
L
C
0.07
0.08
0.09
0.10
0.11
0.12
dl
n(
/L
)/d
T*
L-
1
Figure 4 Double-logarithmic plots of the specific heat
C as well as the slopes L−1d ln(ξgl/L)/dT and
L−1d ln(ξav/L)/dT vs. system size L at the critical tem-
perature of Tc = 1.9639. The error bars are smaller than the
symbol sizes. The solid lines are fits to a ln[b ln(cL)] for C
and a[ln(bL)]−1/2 for the slopes.
and the simple logarithmic fit is completely off, giving
χ¯2 ≈ 420.
Figure 4 also presents the slopes d ln(ξgl/L)/dT and
d ln(ξav/L)/dT of the normalized correlation lengths vs.
temperature curves at Tc . We have divided out the power
law d ln(ξ/L)/dT ∼ L of the clean Ising universality class
to make the corrections predicted in eq. (6) more easily
visible. The figure demonstrates that these corrections
are not of power-law type, instead the data can be fit-
ted well by the predicted logarithmic form a[ln(bL)]−1/2,
yielding reduced error sums χ¯2 of about 0.3 for ξav and
0.9 for ξgl.
In addition, we study the system size dependence of
the magnetization and the magnetic susceptibility at the
critical temperature. According to eqs. (3) and (4), these
quantities are predicted to follow the clean Ising power
laws with additive logarithmic corrections. We again di-
vide out the clean Ising power laws and plot the result-
ing quantities, viz., M L1/8 and χL−7/4 in Fig. 5. The fig-
ure demonstrates that the corrections to the Ising uni-
versality class are not of power-law form. Moreover, they
are very weak, in particular for the magnetization where
they change the value by less than 1% over the entire sys-
tem size range. To capture this small correction, we had
to increase the number of disorder configurations signif-
icantly (500,000 for all system sizes) to reduce the error
bars. The larger numerical effort limits these simulations
to system sizes between L = 35 and 800. Both M L1/8 and
4 Copyright line will be provided by the publisher
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Figure 5 Double-logarithmic plots of M L1/8 and χL−7/4 vs.
L at the critical temperature of Tc = 1.9639. The solid lines
are fits to a[1+b/ln(cL)], as suggested by eqs. (3) and (4).
χL−7/4 can be fitted well to the function a[1+b/ln(cL)]
predicted by the renormalization group results (3) and
(4). The reduced error sums χ¯2 are approximately 0.4 for
the susceptibility and 0.3 for the magnetization.
4 Summary and conclusions
In summary, we have carried out large-scaleMonteCarlo
simulations of the site-diluted two-dimensional four-
color Ashkin-Teller model. Our results confirm that the
first-order phase transition occurring in the undiluted
(clean) model is rounded by the disorder, as required by
the Aizenman-Wehr theorem [4].
We have used finite-size scaling of the magnetiza-
tion, magnetic susceptibility, specific heat and correla-
tion length to determine the universality class of the
emerging continuous phase transition. All our data agree
very well with the results of the perturbative renormaliza-
tion group [11–13] which predicts critical behavior in the
clean two-dimensional Ising universality class, but with
logarithmic corrections similar to those occurring in the
two-dimensional disordered Ising model. These findings
agree with those of extensive high-accuracy simulations
of the three-color case [16]. Consequently, they provide
strong evidence for the universality of the critical behav-
ior of the disordered Ashkin-Teller model.
Possible reasons for the discrepancies between our re-
sults (Ref. [16] and the present paper) and those of the
earlier simulations [14,15] were discussed in detail in Ref.
[16]. Here, we just reiterate the main points: Our systems
are much larger, up to 22402 sites (compared to just 322
sites in Ref. [14] and 1282 sites in Ref. [15]). This suggests
that the earlier simulations were not in the asymptotic
regime, especially for weak disorder where the crossover
from the clean first-order transition to the disordered
continuous one is slow. Note, however, that a discrep-
ancy exists already for the clean three-color model. The
clean phase diagram of Ref. [16], which was determined
and verified using three independent Monte Carlo algo-
rithms, coincides with older results by Grest and Widom
[8] but disagrees with Ref. [14].
From a more general point of view, the renormaliza-
tion groups results for the random-Tc Ising [18–21] and
Ashkin-Teller [12] models suggested a kind of “super-
universality” of critical points in two-dimensional disor-
dered systems. This idea was initially supported by com-
puter simulations of disordered Ising [31, 32], Ashkin-
Teller [28], and Potts [28, 33] models as well as interface
arguments [34]. Numerical sudies of the disordered q-
state Pottsmodel [35,36] showed, however, that the finite-
size scaling exponent β/ν differs from the Ising value
and varies with q . Moreover, the phase transition in the
random-bond Blume-Capel model was also found to dis-
play complex non-Ising behavior, at least for strong dis-
order [37–39].
Recently, the disordered quantum Ashkin-Teller spin
chain has attracted lots of interest because it serves as
a paradigmatic model for studying disorder effects at
first-order quantum phase transitions. As a quantum ver-
sion of the Aizenman-Wehr theorem has been proven
[40], the first-order character of the transition in the
clean problem must change upon the introduction of
disorder. Recent strong-disorder renormalization group
approaches predict continuous transitions governed by
infinite-randomness critical points in different universal-
ity classes, depending on the coupling strength ǫ [41–43].
Furthermore, in the case of two colors an exotic strong-
disorder infinite-coupling phase [44] is predicted to ap-
pear for large ǫ. These predictions can be tested by gen-
eralizations of our Monte Carlo method to the (1+ 1)-
dimensional quantum case. Somework along these lines
is already in progress.
It may also be interesting to investigate the Ashkin-
Tellermodel defined on a topologically disordered lattice
such as the random Voronoi-Delaunay lattice (see, e.g.,
[45]). Recent work [46] has shown that the Imry-Ma argu-
ment does not hold for these lattices because a topologi-
cal constraint suppresses the disorder fluctuations. This
leaves open the possibility that the first-order phase tran-
sition survives in the presence of such topological disor-
der.
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